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Model Formulation

• Imagine that you have a problem, such as a digit recognition, 
object detection, or numerical prediction.

Digit recognition

Numerical prediction

ABC-5623

Input Function Output

𝑓(𝑥)

𝑓(𝑥)

> “ABC-5623”

> 234, 235, …
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Model Formulation

• In machine learning and deep learning, we usually divide our
input data into training and validation datasets for the training
model.

Validation Data

{ 𝑥𝑛, 𝑦𝑛 , 𝑥𝑛+1, 𝑦𝑛+1 , … }

Testing Data

{ 𝑥′, ? , … }

Function List (𝑓1, 𝑓2, …)

Training: Select the best-

performance function (𝑓∗) 

Testing: 𝑓∗ 𝑥′, 𝑦′

Training Data

{ 𝑥1, 𝑦1 , 𝑥2, 𝑦2 , … }
Training Dataset

Testing Dataset

Model

Formulation

Model

Evaluation

Model

Prediction
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Model Formulation

• Prediction Tasks
• Handwritten Recognition

• Abnormal Chip Testing

• Stock Prediction

Input

Input

Input

𝒇

𝒇

𝒇

Digit 1

Digit 2

⋮

Abnormal

Digit 9

Normal

𝒚𝒕+𝟏, 𝒚𝒕+𝟐, …
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Model Formulation

• Handwritten Recognition: alphabet and number

𝒙: 𝒊𝒎𝒂𝒈𝒆 𝒚: 𝒍𝒂𝒃𝒆𝒍

7 x 6 array

1 indicates the element contains ink

0 indicates the element contains nothing
0
0
1
0
⋮
0

⇒ 7 × 6 = 42 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠

𝑓: 𝑅𝑁 → 𝑅𝑀

10+26 dimension for label recognition
0
0
1
0
⋮
0

𝑎
𝑏
𝑐
⋮
8
9

0
0
1
0
⋮
0

Detect Ground Truth
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Model Formulation

• Abnormal Chip Testing

𝒙: 𝒊𝒎𝒂𝒈𝒆
𝒚: 𝒍𝒂𝒃𝒆𝒍

2 dimensions
Normal chip or Defect chip

1 indicates a defect chip

0 indicates a normal chip
0
0
1
0
⋮
0

⇒ 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑠 = 𝑠𝑖𝑧𝑒 𝑐ℎ𝑖𝑝𝑠

0
0
1
0
⋮
0

⋁
⋁
×
⋮
⋁
⋁

0
0
1
0
⋮
0

Detect Ground Truth

Confirm
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Single Neuron

𝑥1
𝑥2
𝑥3
⋮
𝑥𝑛

+ 𝝈(𝒛) 𝒚

b

𝜎 𝑧 =
1

1 + 𝑒−𝑧

Activation

Function

Bias
Sigmoid

𝜎 𝑧

𝑤1𝑤2
𝑤3

𝑤𝑛
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Single Neuron

𝑥1
𝑥2
𝑥3
⋮
𝑥𝑛

+ 𝝈(𝒛) 𝒚

1

𝜎 𝑧 =
1

1 + 𝑒−𝑧

Activation

Function

Bias

Sigmoid

𝜎 𝑧

𝑤1𝑤2
𝑤3

𝑤𝑛
𝑏
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Single Neuron

𝑥1
𝑥2
𝑥3
⋮
𝑥𝑛

+ 𝝈(𝒛) 𝒚

1

𝜎 𝑧 =
1

1 + 𝑒−𝑧

Activation

Function

Bias

Sigmoid

𝑦 = ℎ𝑤,𝑏 𝑥

= 𝜎 𝑤𝑇𝑥 + 𝑏

𝑤1𝑤2
𝑤3

𝑤𝑛
𝑏
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A Layer of Neurons – Perceptron

𝑥1
𝑥2
𝑥3
⋮
𝑥𝑛

+ 𝒚𝟐 (𝒊𝒔 𝒃? )

1

Bias

+

+ 𝒚𝟑 (𝒊𝒔 𝒄? )

𝒚𝟏 (𝒊𝒔 𝒂? )

}
Three neurons for three classes/ labels

Chun-Hsiang Chan 11
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A Layer of Neurons – Perceptron

𝑦 = 𝜎 𝑤1𝑥1 +𝑤2𝑥2 + 𝑏 is a linear formula…

ቊ
𝑡𝑟𝑢𝑒 𝑦 ≥ 𝜃
𝑓𝑎𝑙𝑠𝑒 𝑦 < 𝜃

𝜃 𝑖𝑠 𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑

Chun-Hsiang Chan 12https://aima.cs.berkeley.edu/slides-pdf/chapter20b.pdf
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A Layer of Neurons – Perceptron

Chun-Hsiang Chan 13

ቊ
𝑡𝑟𝑢𝑒 𝑦 ≥ 𝜃
𝑓𝑎𝑙𝑠𝑒 𝑦 < 𝜃

𝜃 𝑖𝑠 𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑
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A Layer of Neurons – Perceptron

𝑥1
𝑥2
𝑥3
⋮
𝑥𝑛

+

1

Bias

+

+

𝑎1

𝑎2

𝑎3

+ 𝒚

Hidden unit
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A Layer of Neurons – Perceptron

Chun-Hsiang Chan 15

Combine two opposite-facing threshold functions 

to make a ridge

Combine two perpendicular ridges to make a bump

https://aima.cs.berkeley.edu/slides-pdf/chapter20b.pdf



Deep Learning Neuron Network Basis

Fully Connected Feedforward Network

𝑥1
𝑥2
𝑥3
⋮
𝑥𝑛

⋮ ⋮ ⋮

⋯

⋯
⋯

⋯

𝑦1
𝑦2
𝑦3

𝑦𝑚

Vector

𝒙
Vector

𝐲

Input Layer 1 Layer 2 Layer L Output

Deep Neural Network (DNN)

DNN: multiple hidden layers
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Hidden Layer – Layer

1

2

3

𝑗

⋮

1

2

3

𝑖

⋮

Layer 𝒍 − 𝟏 Layer 𝒍

𝑵𝒍−𝟏 nodes 𝑵𝒍 nodes

A Neuron Output
𝑎1
𝑙−1

𝑎2
𝑙−1

𝑎3
𝑙−1

𝑎𝑗
𝑙−1

𝑎1
𝑙

𝑎2
𝑙

𝑎3
𝑙

𝑎𝑖
𝑙

𝑎1
𝑙

Layer 𝑙

neuron 𝑖

𝑎𝑙 =
⋮
𝑎𝑖
𝑙

⋮

One layer ➔ One Vector
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Hidden Layer – Weights 

1

2

3

𝑗

⋮

1

2

3

𝑖

⋮

𝑎1
𝑙−1

𝑎2
𝑙−1

𝑎3
𝑙−1

𝑎𝑗
𝑙−1

𝑎1
𝑙

𝑎2
𝑙

𝑎3
𝑙

𝑎𝑖
𝑙

𝑤𝑖𝑗
𝑙

Layer 𝒍 − 𝟏 Layer 𝒍

𝑵𝒍−𝟏 nodes 𝑵𝒍 nodes

A Weight between two neurons/nodes

𝑤𝑖𝑗
𝑙

Layer 𝑙 − 1 to Layer 𝑙

From neuron 𝑗 (layer 𝑙 − 1)

to neuron 𝑖 (layer 𝑙)

𝑤𝑙 =
𝑤11
𝑙 𝑤12

𝑙 ⋯

𝑤21
𝑙 𝑤22

𝑙 ⋯
⋮ ⋮ ⋱

Weights between layers ➔ One Matrix

𝑁𝑙−1

𝑁𝑙
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Hidden Layer – Bias

1

2

3

𝑗

⋮

1

2

3

𝑖

⋮

𝑎1
𝑙−1

𝑎2
𝑙−1

𝑎3
𝑙−1

𝑎𝑗
𝑙−1

𝑎1
𝑙

𝑎2
𝑙

𝑎3
𝑙

𝑎𝑖
𝑙

Layer 𝒍 − 𝟏 Layer 𝒍

𝑵𝒍−𝟏 nodes 𝑵𝒍 nodes1

Bias

𝑏𝑖
𝑙

𝑏3
𝑙

𝑏2
𝑙

𝑏1
𝑙

𝑏𝑖
𝑙

Bias for neuron 𝑖 at layer 𝑙

𝑏𝑙 =
⋮
𝑏𝑖
𝑙

⋮
Bias of each layer ➔ One Vector
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Hidden Layer – Activation Function

1

2

3

𝑗

⋮

𝑖

⋮

𝑎1
𝑙−1

𝑎2
𝑙−1

𝑎3
𝑙−1

𝑎𝑗
𝑙−1 𝑎𝑖

𝑙

Layer 𝒍 − 𝟏 Layer 𝒍

𝑵𝒍−𝟏 nodes 𝑵𝒍 nodes1

Bias

𝑏𝑖
𝑙

𝒛𝒊
𝒍

𝑤𝑖1
𝑙

𝑤𝑖2
𝑙

𝑤𝑖3
𝑙

𝑤𝑖𝑗
𝑙

𝑧𝑖
𝑙 = 𝑤𝑖1

𝑙 𝑎1
𝑙−1 +𝑤𝑖2

𝑙 𝑎2
𝑙−1 +⋯+ 𝑏𝑖

𝑙

𝑧𝑖
𝑙 = 

𝑗=1

𝑁𝑙−1

𝑤𝑖𝑗
𝑙 𝑎𝑗

𝑙−1 + 𝑏𝑖
𝑙

𝑧𝑙 =
⋮
𝑧𝑖
𝑙

⋮

Activation function at each layer ➔ One Vector
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Hidden Layer – Overall

1

2

3

𝑗

⋮

1

2

3

𝑖

⋮

𝑎1
𝑙−1

𝑎2
𝑙−1

𝑎3
𝑙−1

𝑎𝑗
𝑙−1

𝑎1
𝑙

𝑎2
𝑙

𝑎3
𝑙

𝑎𝑖
𝑙𝑤𝑖𝑗

𝑙

Layer 𝒍 − 𝟏 Layer 𝒍

𝑵𝒍−𝟏 nodes 𝑵𝒍 nodes

𝑧𝑖
𝑙

𝑧3
𝑙

𝑧1
𝑙

𝑧2
𝑙

𝑎𝑙−1 𝑎𝑙𝑤𝑖𝑗
𝑙 𝑧𝑙

𝑧1
𝑙 = 𝑤11

𝑙 𝑎1
𝑙−1 +𝑤12

𝑙 𝑎2
𝑙−1 +⋯+ 𝑏1

𝑙

⋮

𝑧𝑖
𝑙 = 𝑤𝑖1

𝑙 𝑎1
𝑙−1 + 𝑤𝑖2

𝑙 𝑎2
𝑙−1 +⋯+ 𝑏𝑖

𝑙

⋮
𝑧𝑖
𝑙

⋮
=

𝑤11
𝑙 𝑤12

𝑙 ⋯

𝑤21
𝑙 𝑤22

𝑙 ⋯
⋮ ⋮ ⋱

⋮
𝑎𝑖
𝑙−1

⋮
+

⋮
𝑏𝑖
𝑙

⋮

𝑧𝑙 = 𝑊𝑙𝑎𝑙−1 + 𝑏𝑙
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Hidden Layer – Overall

1

2

3

𝑗

⋮

1

2

3

𝑖

⋮

𝑎1
𝑙−1

𝑎2
𝑙−1

𝑎3
𝑙−1

𝑎𝑗
𝑙−1

𝑎1
𝑙

𝑎2
𝑙

𝑎3
𝑙

𝑎𝑖
𝑙𝑤𝑖𝑗

𝑙

Layer 𝒍 − 𝟏 Layer 𝒍

𝑵𝒍−𝟏 nodes 𝑵𝒍 nodes

𝑧𝑖
𝑙

𝑧3
𝑙

𝑧1
𝑙

𝑧2
𝑙

𝑎𝑙−1 𝑎𝑙𝑤𝑖𝑗
𝑙 𝑧𝑙

𝑎𝑖
𝑙 = 𝜎 𝑧𝑖

𝑙

𝑎1
𝑙

𝑎2
𝑙

⋮
𝑎𝑖
𝑙

=

𝜎 𝑧1
𝑙

𝜎 𝑧2
𝑙

⋮
𝜎 𝑧𝑖

𝑙

𝑎𝑙 = 𝜎 𝑧𝑙
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Hidden Layer – Overall

𝑥1
𝑥2
𝑥3
⋮
𝑥𝑛

⋮ ⋮ ⋮

⋯

⋯
⋯

⋯

𝑦1
𝑦2
𝑦3

𝑦𝑚

Vector

𝒙
Vector

𝐲

Input Layer 1 Layer 2 Layer L Output

𝒙 𝒂𝟏 𝒂𝟐 𝒂𝑳

𝑾𝟏, 𝒃𝟏 𝑾𝟐, 𝒃𝟐 𝑾𝑳, 𝒃𝑳

𝜎 𝑊1𝑥 + 𝑏𝑙 𝜎 𝑊2𝑎1 + 𝑏2 𝜎 𝑊𝐿𝑎𝐿−1 + 𝑏𝐿 = 𝑦

Chun-Hsiang Chan 23



Deep Learning Neuron Network Basis

Hidden Layer – Overall

𝑥1
𝑥2
𝑥3
⋮
𝑥𝑛

⋮ ⋮ ⋮

⋯

⋯
⋯

⋯

𝑦1
𝑦2
𝑦3

𝑦𝑚

Vector

𝒙
Vector

𝐲

Input Layer 1 Layer 2 Layer L Output

𝒙 𝒂𝟏 𝒂𝟐 𝒂𝑳

𝑾𝟏, 𝒃𝟏 𝑾𝟐, 𝒃𝟐 𝑾𝑳, 𝒃𝑳

𝑦 = 𝑓 𝑥 = 𝜎 𝑊𝐿…𝜎 𝑊2𝜎 𝑊1𝑥 + 𝑏1 + 𝑏2 …+ 𝑏𝐿
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Activation Function 𝝈 ∙
Activation Function Equation Example 1D Graph

Unit step (Heatviside)
𝜙 𝑧 = ቐ

0 𝑧 < 0
0.5 𝑧 = 0
1 𝑧 > 0

Perceptron variant

Sign (Signum)
𝜙 𝑧 = ቐ

−1 𝑧 < 0
0 𝑧 = 0
1 𝑧 > 0

Perceptron variant

Linear 𝜙 𝑧 = 𝑧 Adaline, linear

regression

Piece-wise Linear

𝜙 𝑧 =

1 𝑧 ≥
1

2

𝑧 +
1

2
−
1

2
< 𝑧 <

1

2

0 𝑧 ≤ −
1

2

Support vector 

machine

Logistic (sigmoid) 𝜙 𝑧 =
1

1 + 𝑒−𝑧
Logistic regression, 

multi-layer NN

Hyperbolic Tangent 𝜙 𝑧 =
𝑒𝑧 − 𝑒−𝑧

𝑒𝑧 + 𝑒−𝑧
Multi-layer NN

Bounded

function

Bounded

function

Chun-Hsiang Chan 25



Deep Learning Neuron Network Basis

Activation Function 𝝈 ∙
Activation Function Equation Example 1D Graph

Unit step (Heatviside)
𝜙 𝑧 = ቐ

0 𝑧 < 0
0.5 𝑧 = 0
1 𝑧 > 0

Perceptron variant

Sign (Signum)
𝜙 𝑧 = ቐ

−1 𝑧 < 0
0 𝑧 = 0
1 𝑧 > 0

Perceptron variant

Linear 𝜙 𝑧 = 𝑧 Adaline, linear

regression

Piece-wise Linear

𝜙 𝑧 =

1 𝑧 ≥
1

2

𝑧 +
1

2
−
1

2
< 𝑧 <

1

2

0 𝑧 ≤ −
1

2

Support vector 

machine

Logistic (sigmoid) 𝜙 𝑧 =
1

1 + 𝑒−𝑧
Logistic regression, 

multi-layer NN

Hyperbolic Tangent 𝜙 𝑧 =
𝑒𝑧 − 𝑒−𝑧

𝑒𝑧 + 𝑒−𝑧
Multi-layer NN

Boolean

Non-linear

Linear

Chun-Hsiang Chan 26



Deep Learning Neuron Network Basis

Activation Function (non-linearity)

• Sigmoid

𝑠𝑖𝑔𝑚𝑜𝑖𝑑 𝑥 =
1

1 + 𝑒−𝑥

• Tanh

tanh 𝑥 =
sinh 𝑥

cosh 𝑥
=
𝑒𝑥 − 𝑒−𝑥

𝑒𝑥 + 𝑒−𝑥

• Rectified Linear Unit (ReLU)

𝑅𝑒𝐿𝑈 𝑥 = max(𝑥, 0)

Chun-Hsiang Chan 27
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Linearity and Non-linearity

https://vitalflux.com/how-know-data-linear-non-linear/

Chun-Hsiang Chan 28
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Linearity and Non-linearity

• With linearity, the deep neural network is the same as linear 
transform.

𝑊1 𝑊2 ∙ 𝑥 = 𝑊1𝑊2 𝑥 = 𝑊𝑥

• With non-linearity, the deep neural network with multiple layers 
could have a more complex function.

Chun-Hsiang Chan 29
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Model Parameters

𝑦 = 𝑓 𝑥 = 𝜎 𝑊𝐿…𝜎 𝑊2𝜎 𝑊1𝑥 + 𝑏1 + 𝑏2 …+ 𝑏𝐿

Formal definition
𝑓 𝑥; 𝜃 ⇒ 𝑚𝑜𝑑𝑒𝑙 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟 𝑠𝑒𝑡
𝜃 = 𝑊1, 𝑏1,𝑊2, 𝑏2, … ,𝑊𝐿 , 𝑏𝐿

Function set Different parameters 𝑊 and 𝑏 → different functions

Chun-Hsiang Chan 30
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Loss Function & Reward Function

• Define a function to measure the quality of parameters set 𝜃
• Evaluating by a loss/cost/error function 𝐶(𝜃)➔ how bad

𝜃∗ = argmin
𝜃

𝐶(𝜃)

• Evaluating by an objective/reward function 𝑂 𝜃 ➔ how good

𝜃∗ = argm𝑎𝑥
𝜃

𝑂(𝜃)

Chun-Hsiang Chan 31



Deep Learning Neuron Network Basis

Loss Function

Validation Data

{ 𝑥𝑛, 𝑦𝑛 , 𝑥𝑛+1, 𝑦𝑛+1 , … }

Testing Data

{ 𝑥′, ? , … }

Function List (𝑓1, 𝑓2, …)

Training: Select the best-

performance function (𝑓∗) 

Testing: 𝑓∗ 𝑥′, 𝑦′

Training Data

{ 𝑥1, 𝑦1 , 𝑥2, 𝑦2 , … }
Training Dataset

Testing Dataset

Model

Formulation

Model

Evaluation

Model

Prediction

Best function: 𝑓 𝑥; 𝜃 ~ො𝑦➔ ො𝑦 − 𝑓 𝑥; 𝜃 ≈ 0
Define a loss function: 𝐶 𝜃 = σ𝑘 ො𝑦𝑘 − 𝑓 𝑥𝑘; 𝜃

Chun-Hsiang Chan 32
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Loss Function

Chun-Hsiang Chan 33

Table 1 List of losses analyzed in this paper. 𝑦 is true label as one-hot encoding, ො𝑦 is true label as +1/−1 encoding, 𝑜 is the

output of the last layer of the network, · (𝑗) denotes 𝑗 − 𝑡ℎ dimension of a given vector, and 𝜎(·) denotes probability estimate.

Symbol Name Equation

ℒ1 L1 loss 𝑦 − 𝑜 1

ℒ2 L2 loss 𝑦 − 𝑜 2
2

ℒ1 ∘ 𝜎 Expectation loss 𝑦 − 𝜎 𝑜 1

ℒ2 ∘ 𝜎 Regularized expectation loss 𝑦 − 𝜎 𝑜 2
2

ℒ∞ ∘ 𝜎 Chebyshev loss 𝑚𝑎𝑥𝑗 𝜎 𝑜 𝑗 − 𝑦𝑗

𝐻𝑖𝑛𝑔𝑒 Hinge (margin) los 

𝑗

max 0,
1

2
− ො𝑦𝑗𝑜𝑗

𝐻𝑖𝑛𝑔𝑒2 Squared hinge (margin) loss 

𝑗

max 0,
1

2
− ො𝑦𝑗𝑜𝑗

2

𝐻𝑖𝑛𝑔𝑒3 Cubed hinge (margin) loss 

𝑗

max 0,
1

2
− ො𝑦𝑗𝑜𝑗

3
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Table 1 List of losses analyzed in this paper. 𝑦 is true label as one-hot encoding, ො𝑦 is true label as +1/−1 encoding, 𝑜 is the

output of the last layer of the network, · (𝑗) denotes 𝑗 − 𝑡ℎ dimension of a given vector, and 𝜎(·) denotes probability estimate.

Symbol Name Equation

log Log (cross entropy) loss −

𝑗

𝑦𝑗𝑙𝑜𝑔𝜎 𝑜 𝑗

log2 Squared log loss −

𝑗

𝑦𝑗𝑙𝑜𝑔𝜎 𝑜 𝑗 2

tan Tanimoto loss
−σ𝑗 𝜎 𝑜 𝑗𝑦𝑗

𝜎 𝑜 2
2 + 𝑦 2

2 − σ𝑗 𝜎 𝑜 𝑗𝑦𝑗
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